The unperturbed Keplerian orbits of Taiji spacecrafts are expanded to e 3 order in the heliocentric coordinate system, where e is their orbital eccentricity. The three arm-lengths of Taiji triangle and their rates of change are also expanded to e 3 order, while the three vertex angles are expanded to e 2 order. These kinematic indicators of Taiji triangle are, further, minimized, respectively, by adjusting the tilt angle of Taiji plane relative to the ecliptic plane around ±π/3, and thus, their corresponding optimized expressions are presented. Then, under the case that the nominal trailing angle of Taiji constellation following the Earth is set to be χ(≈ ±π/9) from the viewpoint of the Sun, the influence of the Earth perturbation on three spacecrafts is calculated according to the equations of motion in the problem of three bodies, and the perturbative solutions of the leading order and the next leading order are derived. With the perturbative solutions, the leading-order corrections to the above kinematic indicators of Taiji triangle and the expression of the above trailing angle to the order of e 3 are provided.
prompt the GW detection significantly.
Analytical treatment of the motion of SCs is important, because it is crucial for thoroughly studying optical links and light propagation between SCs. By using the analytical method, many problems related to the motion of SCs will be more transparent than by using numerical simulations. The analytical treatment is also the basis of further numerical simulations. The analytical analysis on the motion of LISA SCs has been made in literatures [6, 7, 12, 13] . In Refs. [6, 7] , the unperturbed Keplerian orbits of SCs are expanded to α 2 order in the Hill system or the Clohessy-Wiltshire (CW) system [13] , where the parameter α is proportional to the orbital eccentricity of SCs to the first order, and further, the arm-length of LISA triangle, formed by LISA SCs, and its rate of change are also expanded to α 2 order and are minimized, respectively, by adjusting the tilt angle of LISA plane, in which LISA triangle lies, relative to the ecliptic plane around π/3. In Refs. [12, 13] , the Earth's orbit is assumed to be a circle in the ecliptic plane, the nominal trailing angle of LISA constellation following the Earth is set to be π/9 from the viewpoint of the Sun, and the influence of the Earth perturbation on SCs is dealt with by the linear perturbative approach in the CW system. Seeing the similarity between Taiji program and LISA mission, the model in Refs. [6, 7, 12, 13] designed for LISA mission can be used in the Taiji program with the replacement of the orbit parameters if the higher precision is not needed.
However, the results to α 2 order is still not enough. The choice of the circular orbit means that the contribution of the eccentricity e of the Earth's orbit in the perturbation on LISA SCs is ignored. Besides, due to the simplistic model, the obtained perturbative solution does not include the contribution of the interaction between the Sun and the Earth either. In this paper, we will analytically analyze the orbits of Taiji SCs in the heliocentric coordinate system in a higher precision than those of LISA SCs in the above related references.
In order to facilitate follow-up study in a higher precision, the unperturbed Keplerian orbits of Taiji SCs should be first studied in the heliocentric coordinate system as the primary task, and these orbits are expanded to the cube of eccentricity e. Then the three arm-lengths of Taiji triangle, formed by SCs, and their rates of change are also expanded to e 3 order, while the three vertex angles of the triangle are expanded to e 2 order. The expansions of these kinematic indicators of Taiji triangle show that its shape depends on the tilt angle of Taiji plane, in which Taiji triangle lies, with respect to the ecliptic plane and that all the kinematic indicators of Taiji triangle vary periodically over time. The main features of the unperturbed orbits can be summarized as follows.
• Up to e 0 order, the tilt angle remains constant angle φ;
• Under the cases of φ = ±π/3, Taiji triangle is approximately equilateral one, i.e.
-the three arm-lengths remain 2 √ 3Re up to e 1 order, where R is the semi-major axis of the elliptical orbits of SCs, and its value is equal to the semi-major axis of the Earth's orbit;
-the three change rates of arm-lengths remain zero up to e 1 order;
-the three vertex angles remain π/3 up to e 0 order.
For Taiji, the nominal arm-length is 3 × 10 6 km, and by the above conclusion, e ≈ 5.789 × 10 −3 .
As LISA [12] , the laser frequency noise of Taiji is suppressed by time-delay interferometry (TDI). TDI, however, works only for the stationary configuration in a flat spacetime. The relative motion between SCs will result in that the laser frequency noise cannot be suppressed effectively so as to lower the sensitivity of Taiji. Moreover, the relative motion between SCs will also cause the Doppler shift of the laser frequency, which will interfere the measurement of GWs [7] . In view of these adverse effects, the orbits of SCs need to be optimized to reduce the amplitude of the relative motion between SCs. It can be shown that by adjusting the angle φ around ±π/3 at e 1 order, namely,
the variations of all the kinematic indicators of Taiji triangle (the three arm-lengths and their rates of change, the three vertex angles) can be minimized, respectively, which is compatible to that of LISA in Refs. [7, 14] . Further, all the expressions of these kinematic indicators of Taiji triangle for the optimal value (1.1) are presented.
In the above analysis on the unperturbed Keplerian orbits of SCs, only the contribution from the gravitational field of the Sun is taken into account. For a more accurate analysis on the relative motion between SCs, which is very important in the implementation of TDI [13] , the contributions of the Earth, the Moon, and other planets should be taken into consideration. In the present paper, we focus on analyzing the perturbation of the Earth on SCs as did for LISA in Ref. [12] and enhance the precision of the orbits to the order of e 3 .
The ecliptic plane is chosen as the x-y plane of the heliocentric coordinate system, and the direction of x axis may be chosen arbitrarily relative to the major axis of the Earth's orbit. By adjusting the mean anomaly of the Earth Kepler's equation, the nominal trailing angle of Taiji constellation following the Earth is set to be χ(≈ ±π/9) from the viewpoint of the Sun. (The negative value of χ means that the constellation is preceding the Earth.) According to the equations of motion in the problem of three bodies [15] , the influence of the Earth perturbation on three SCs can be determined accurately in the heliocentric coordinate system. Compared with the previous discussion on the Earth perturbation on LISA SCs [12, 13] , our results include the influence of the interaction between the Sun and the Earth and the effect of the eccentricity e of the Earth's orbit. Our calculation shows that the perturbative solutions of the leading order, the same as e 2 order, take the same form for three SCs. Therefore, they do not affect the relative motion between SCs. In other words, they do not contribute to the variations of the kinematic indicators of Taiji triangle. Even though, they lead to the change of the above trailing angle of Taiji constellation. As to the perturbative solutions of the next leading order, whose orders are the same as e 3 , they have the contributions to the relative motion between SCs. The analytic expressions for the leading-order corrections to all the kinematic indicators of Taiji triangle resulted from the Earth and the modified expression for the above trailing angle of Taiji constellation to the order of e 3 are first presented. In these expressions, the contribution of the tiny difference between the average angular velocities of the Earth and SCs are also considered because the semi-major axes of the orbits of the Earth and SCs are the same but the total mass of the Sun and the Earth is different from that of the Sun and each SC. Since the difference is very tiny, the Earth perturbs SCs in an almost resonance way, so that the terms characterized by Ω(t − t 0 ) and Ω 2 (t − t 0 ) 2 exist in the results related to the perturbation of the Earth, which will result in unbounded growing of the perturbations over time, as indicated by Ref. [12] . Therefore, if one wishes to lengthen the running time, Taiji configuration needs to be restored to their initial state after about 3 years.
The paper is arranged as follows. In the next section, the unperturbed Keplerian orbits of SCs are analyzed. The perturbation of the Earth on SCs is studied in section 3. In the last section, we shall make some concluding remarks. In the present paper, no summation is taken for repeated indices.
II. ORBIT ANALYSIS OF SCS

A. The unperturbed Keplerian orbits of SCs
There are more than one model to choose for the orbit design of SCs. In view of the similarity between Taiji program and LISA mission, we adopt the model in Refs. [6, 7] , designed for LISA mission originally, as one part of the pre-study of Taiji program.
The heliocentric coordinate system with coordinates {x, y, z} is chosen as follows:
• The origin is located at the center of mass of the Sun;
• (x, y, z) are the right-handed Cartesian coordinates, where the x-y plane is the ecliptic plane.
The radius vector of SCk (k = 1, 2, 3) in the heliocentric coordinate system is r k = (x k , y k , z k ). r 1 is chosen by
where ε is the inclination of the orbit of SC1 with respect to the ecliptic plane, and ψ 1 is the eccentric anomaly of SC1. ψ 1 satisfies
Kepler's equation
where Ω is the average angular velocity of SC1. Moreover, the inclination ε satisfies [7] where α is the small parameter for the expansion in Refs. [6, 7] , related to the constant angle φ by
The orbits of SC2 and SC3 are obtained, respectively, by rotating that of SC1 by 2π/3, 4π/3 about the z axis, where their phases also need to be adjusted correspondingly [6, 7] , i.e. r 2 , r 3 satisfy 6) and the eccentric anomalies ψ 2 , ψ 3 of SC2, SC3 satisfy [7] , respectively,
7)
Eqs (2.3) and (2.4) imply that both ε and φ have the same sign. As is mentioned above, ε is the inclination of the orbits of SCs with respect to the ecliptic plane, and thus, ±|ε| can provide two kinds of Taiji configurations which are symmetry about the ecliptic plane.
By Eqs. (2.1), (2.5), and (2.6), the distances between SCk and the Sun is
B. The expansions of the unperturbed Keplerian orbits of SCs to e 3 order
Since the eccentricity e 1, the Kepler's equations (2.2), (2.7), and (2.8), as the transcendental equations, can be dealt with by the iterative method. The expression of ψ k expanded to e 3 order is
where 11) and then, 
where r
The barycentre of three SCs can be derived by the above results:
(2.22)
Clearly, up to e 1 order, the trajectory of the barycentre of three SCs is a circle in the ecliptic plane with a radius of R, and moreover, the fact of z = 0 means that the barycentre of three SCs is not always in the ecliptic plane.
C. The relative motion between SCs
Firstly, set n := (r 1 − r 2 ) × (r 2 − r 3 ), and n is the normal vector of Taiji plane. The tilt angle can be calculated by
where the signs "±" on the left hand side of the above equation represent two cases of ±|φ|, and they are equivalent to the cases of ±|ε| mentioned before, respectively. Obviously, up to e 0 order, the tilt angle remains the constant angle φ, and that is to say, φ is the leading-order term of the tilt angle.
Next, the relative radius vectors of SCs, namely r ij := r i − r j (i, j = 1, 2, 3, i = j), to e 3 order can be derived by Eqs. (2.16) and (2.17):
where r 
The expressions for a (n) ij (n = 2, 3, 4) are, respectively, 
It is easy to know that the three arm-lengths of Taiji triangle change periodically over time, and they depend on the angle φ and are not equal to each other in general. Further, Eqs. (2.25)-(2.28) show that l 23 and l 31 are only the phase-shifted versions of l 12 , which is resulted from the symmetry in the previous orbit model of SCs. If φ = ±π/3, the arm-length of SCi and SCj to e 3 order and its corresponding rate of change are, respectively, It shows that the three vertex angles of Taiji triangle remain π/3 up to e 0 order. The result is compatible with the result of arm-length to e 1 order via the cosine theorem in Euclidean geometry. Moreover, three vertex angles of Taiji triangle are identical to each other up to a phase shift of 2π/3, which further confirms that three SCs are symmetrical in the present orbit model.
D. The optimization of the unperturbed Keplerian orbits of SCs
As LISA [12] , Taiji needs to suppress the laser frequency noise below the other secondary noises by TDI. Only for the stationary Taiji configuration, does TDI work well, and however, even under the cases of φ = ±π/3, because of the higher-order terms that change periodically over time, Taiji triangle, as shown by Eqs. (2.29), (2.30), and (2.32), is only approximately equilateral one. That is to say, besides the stationary part, the relative motion between SCs also includes extra moving part, which results in that TDI cannot suppress the laser frequency noise effectively so as to lower the sensitivity of Taiji. Further, this extra relatively moving part will also cause the Doppler shift of the laser frequency, which will also interfere the measurement of GWs [7] . In order to lower these adverse effects, the amplitude of the extra relatively moving part needs to be minimized, while the relatively stationary part remains the same. This is the optimization of the orbits of SCs.
If the angle φ is set to be
where the parameter δ is the same order as e, and by Eqs. (2.29), (2.30), and (2.32), the expansions of l ij and v ij to e m δ n (m + n = 3)
order and β ij to e m δ n (m + n = 2) are, respectively, The leading-order terms of the above results being independent on δ imply that the relatively stationary part remains unchanged. The higher-order terms of the above results depend on δ, and then, the amplitude of the extra relatively moving part could be minimized by adjusting the value of δ. Now, only l ij , v ij and β ij up to their next-leading-order terms (i.e. the lowest order terms containing the parameter δ) are considered. They are
37)
38) For the quantity A(t), varying periodically over time, its average A(t) within n (n = 1, 2, 3 · · · ) years is defined as
Then, the amplitude of A(t), characterized by its standard deviation within n years, is
The averages of Eqs. (2.37)-(2.39) within n years are, respectively,
and further by Eq. (2.41), their standard deviations within n years are, respectively,
whereδ := δ/e. Obviously, whenδ = 5 √ 3/8, σ(l ij ), σ(v ij ) and σ(β ij ) take the minimums. Namely, when
the amplitude of the extra relatively moving part between SCs is minimized. Thus, the change of the kinematic indicators of Taiji triangle can all be suppressed effectively. Compared with the original case, namely the case ofδ = 0, the ratios of reduction are, respectively, 
In Ref. [7] , with the help of Hill system or CW system [13] , the arm-length l 12 of LISA triangle and its rate of change v 12 are expanded to α 2 order under the case of φ > 0, where α is defined by Eq. (2.4), and when 
III. THE INFLUENCE OF THE EARTH PERTURBATION ON SCS
Besides the non-stationary configuration resulted from the gravitational field of the Sun, Taiji constellation is also affected by the gravitational fields of the Earth and the other celestial bodies. In order to acquire the more accurate knowledge about the relative motion between SCs, the perturbation of these gravitational fields need to be taken into account. Here, for simplicity, only the perturbation contributed by the Earth on SCs is discussed. Compared with that in Refs. [12, 13] , the precision of the orbits are enhanced to the order of e 3 .
A. The Earth's orbit
The radius vector of the Earth in the heliocentric coordinate system is r = (x , y , z ) with
where e ≈ 1.672 × 10 −2 , ψ are, respectively, the eccentricity and the eccentric anomaly of the Earth's orbit. ψ satisfies the following Kepler's equation
and according to the Kepler's third law, the average angular velocity Ω of the Earth can be derived, namely,
where m S and m E are the masses of the Sun and the Earth, respectively. Similarly, if the masses of SCs are denoted by m, their average angular velocity Ω can also be obtained,
Because of m ≪ m S , the ratio of these two average angular velocities is
When ψ = 0, r = (R(e + 1) cos ϕ, R(e + 1) sin ϕ, 0) , which means that under this case, the Earth is at the aphelion. It shows that ϕ is nothing but the angle between the major axis of the Earth's orbit and x axis of the heliocentric coordinate system. The angle ϕ can take any value in the interval [0, 2π). Because e and e have the same order of magnitudes, like the cases of Eqs. (2.2), (2.7) and (2.8), ψ can be and only needs to be expanded to e 3 order.
Moreover, due to the same order of magnitudes for ζ and e 3 , ψ also needs to be expanded to ζ 1 order,
Applying it into Eq. (3.1), the expansion of r to e 3 order and ζ 1 order can be written as
where
(n = 0, 1, 2, 3), the superscript numbers in square brackets indicate the order of e , and in particular, the superscript [3] denotes that it also contains the linear terms of ζ.
In Refs. [12, 13] , the Earth's orbit is simplified to be a circle in the ecliptic plane, namely, given by Eq. (3.9). From Eqs. (2.21) and (2.22), at e 0 order, the trajectory of the barycentre of three SCs is also a circle in x-y plane: 13) and thus, the trailing angle r [0] following r [0] is χ, which is the so-called nominal trailing angle of Taiji constellation following the Earth from the viewpoint of the Sun. In this paper, χ is assumed to be about ±π/9, and the negative value of χ means that the constellation is preceding the Earth.
B. The perturbation of the Earth on SCs
The Earth perturbation on every SC can be discussed, separately, so it is actually the problem of three bodies and is inherently nonlinear. Therefore, the equations of motion in the problem of three bodies can be used to deal with the effect of the Earth perturbation.
The equation of SCk perturbed by the Earth is
where µ = G(m S + m) ≈ Gm S ,
is the gradient operator, and
is the corresponding perturbative function [15] with r := |r |. Thus, Eq. (3.14) can be rewritten into
(3.16)
Clearly, the first term on the right hand side of above equation is the gravitational acceleration of SCk due to the Earth, and the second term is the negative of the gravitational acceleration of the Sun due to the Earth, which represents the contribution of the interaction between the Sun and the Earth.
Because m E m S , the solution of Eq. (3.16) can be assumed to have the form of
Here, 0 r k is the unperturbed Keplerian orbit of SCk in the previous section, and it satisfies the equation of SCk only attracted by the Sun: 
With Eq. (3.19), Eq. (3.20) can be rewritten in the dimensionless form: 
and moreover, by Eq. (3.8),
Further, the perturbative solution 1 r k can also be expanded in terms of the order of e,
In the following, it will be proved that k is determined by the perturbative parameter κ/λ Refs. [13] and [12] . The initial condition for Eq. (3.21) is assumed to be
where t 0 is the time of SCk entering the unperturbed Keplerian orbit, and then, for Eq. (3.25), its initial condition should be
Thus, the solution of Eq. (3.25), under the initial condition (3.28), is
(3.29)
For k = 1, 2, 3, the above solution remains the same, so the perturbative solutions of the leading order are the same for three SCs.
Therefore, the relative motion between SCs is not affected by these solutions, and all the kinematic indicators of Taiji triangle are not affected either. But, the above solutions can change the barycentre of three SCs at κ/λ 3 2 ∼ e 2 order, so the trailing angle of Taiji configuration will be corrected by the above solutions.
The next-leading-order of Eq.(3.21) can be obtained with the help of Eq.(3.25),
R . The 
34) 
. By use of these results, the arm-length of SCi and SCj perturbed by the Earth and its rate of change to the order of e 3 are derived, respectively, where
(3.52)
As to the vertex angle β ij of Taiji triangle, the angle between the relative radius vectors of SCs r ki , r kj (i = j), according to its definition (2.31), its expression to the order of e 2 is In order to derive the trailing angle of Taiji constellation following the Earth from the viewpoint of the Sun, the projection of r on the x-y plane (the ecliptic plane) needs to be evaluated, and it is
. (3.58)
ij and
ij are the corrections to 0 lij and 0 v ij at the order of e 3 , respectively, and
ij is the correction to 0 β ij at the order of e 2 , so the following conditions must be hold: From the above inequality, the running period of Taiji program should be set reasonably to be 8.931/3 ≈ 3 years, so that Taiji configuration needs to be restored to their initial state every 3 years if one wishes to lengthen the lifetime of Taiji program. It should be pointed out that the same conclusion can also be drawn by the expression (3.60) of the trailing angle of Taiji constellation following the Earth from the viewpoint of the Sun.
IV. SUMMARY AND DISCUSSIONS
The ground-based detectors are unable to detect the low frequency GWs [5] , so the space-based GW detector, like LISA [6, 7] , will become increasingly important. Taiji program [10, 11] , set up by the Chinese Academy of Sciences, is composed of three identical SCs, and these SCs orbit the Sun and form a triangle whose nominal side is about 3 × 10 6 km. Taiji program will observe GWs covering the ranges from 0.1 mHz to 1.0 Hz by using coherent laser beams exchanged between three SCs. In this paper, the model in Refs. [6, 7] designed for LISA mission could be used in the Taiji program with the replacement of the orbit parameters due to the similarity between Taiji program and LISA mission, and the orbits of Taiji SCs are analytically analyzed in the heliocentric coordinate system in a higher precision than those of LISA SCs [6, 7, 12, 13] in the Hill system or CW system [13] .
As the primary task, the unperturbed Keplerian orbits of Taiji SCs are expanded to e 3 order firstly. Then, the three arm-lengths of Taiji triangle and their rates of change are also expanded to e 3 order, while the three vertex angles of the triangle are expanded to e 2 order. The expansions of these kinematic indicators of Taiji triangle show that only under the cases of the angle φ = ±π/3, Taiji triangle is approximately equilateral one. However even so, the relative motion between SCs still exists, so that the laser frequency noise of Taiji cannot be suppressed effectively by TDI like LISA [12] , and the Doppler shift of the laser frequency will interfere the measurement of GWs [7] . It has been shown that by adjusting the angle φ around ±π/3 at e 1 order, the variations of all the kinematic indicators of Taiji triangle are minimized, respectively, which is compatible to that of LISA in Refs. [7, 14] . Further, all the optimized expressions of these kinematic indicators of Taiji triangle are presented in this paper.
The implementation of TDI [13] requires the relative motion between SCs analyzed more accurately, which means that the perturbations of the Earth, the Moon, and other planets on SCs should be considered. In the present paper, only the perturbation of the Earth on SCs is focused on, as did for LISA in Ref. [12] , and the precision of the orbits is enhanced to the order of e 3 . In the ecliptic plane, the x axis of the heliocentric coordinate system may be chosen arbitrarily relative to the major axis of the Earth's orbit, and then, the nominal trailing angle of the Taiji constellation following the Earth is set to be χ(≈ ±π/9) from the viewpoint of the Sun by adjusting the mean anomaly of the Earth Kepler's equation, where the negative value of χ means that the constellation is preceding the Earth. Under the theoretical framework of the problem of three bodies [15] , the leading-order and the next-leading-order perturbative solutions are derived, and it has been shown that the former do not contribute to the variations of the kinematic indicators of Taiji triangle, but the latter do.
Moreover, both of them can lead to the change of the above trailing angle of Taiji constellation. Compared with the previous discussion on the Earth perturbation on LISA SCs [12, 13] , our results include the influence of the interaction between the Sun and the Earth and the effect of the eccentricity e of the Earth's orbit.
Further, the influence of the Earth perturbation on Taiji configuration is discussed. The analytic expressions for the leading-order corrections to all the kinematic indicators of Taiji triangle resulted from the Earth and the modified expression for the above trailing angle of Taiji constellation to the order of e 3 are first presented in this paper. Since the difference between the average angular velocities of the Earth and SCs is very tiny, it only contributes to the corrected trailing angle of Taiji constellation. Moreover, it is this tiny difference which leads to the Earth perturbing SCs in an almost resonance way, so that the terms characterized by Ω(t − t 0 ) and Ω 2 (t − t 0 ) 2 exist in the results related to the perturbation of the Earth, and then, these results will grow unboundedly over time, as indicated by Ref. [12] . In order to avoid this case, by the results in this paper, the running period of Taiji should be set reasonably to be about 3 years, and Taiji configuration needs to be restored to their initial state every 3 years if one wishes to lengthen its running time.
As far as we know, the results up to the order of e 3 , and especially those related to the perturbation of the Earth on SCs have not been given before for Taiji or LISA, so the results in the present paper may be useful for their development. As mentioned before, LISA and Taiji might be in operation at the same time for a period. According to the results in this paper, both of ϕ and χ have two choices, so in terms of LISA and Taiji, there are actually four kinds of combinations to be chosen. No matter which combination is chosen, their simultaneous operation will improve the sensitivity and angle resolution of detecting GWs, which will prompt the further study on GW significantly. Having discussed the perturbation of the Earth, the next task is further to take into account the perturbations of the other celestial bodies. Among them, the most important one is the Jupiter. As indicated in Ref. [12] , the leading-order perturbative effect of the Jupiter is less than 10% than that of the Earth, and because the Jupiter perturbing SCs is not in resonance, its perturbative effect will not accumulate in the first few years. In view of this, the perturbative solutions in this paper may be extended to include the perturbative effect of the Jupiter. Moreover, the perturbations of the Moon and the other planets also need to be analyzed carefully in the following task.
